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1D Bose gas 2D Bose gas T = 0 T > 0 Tonks

Phases of the 1D Bose gas

N.B. stay in the regular case a � `⊥, g1 = 2~ω⊥a

interaction parameter γ =
Mg1

~2n
=

2a

n`2⊥
trapped gas

Longitudinal trapping along x with frequency ωx , `x =
√

~
Mωx

new parameter α =
g1`

−1
x

~ωx
=

2a`x
`2⊥

= γn`x > γ

identify 3 regimes: Gaussian BEC, Thomas-Fermi BEC
(µ� ~ωx), Tonks gas (γ � 1)
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1D Bose gas 2D Bose gas T = 0 T > 0 Tonks

Weak interactions

Weak interactions γ � 1: true BEC at T = 0 thanks to the ~ωx

low energy cut-off

Thomas-Fermi regime µ� ~ωx and γ < 1:

µ =
~ωx

2

(
3Nα

2

)2/3

RTF = `x

(
3Nα

2

)1/3

Consistency: N � α−1

n ∼ N

RTF
=⇒ γ ∼

(
α2

N

)2/3

weak interactions γ < 1 =⇒ N > N∗, with N∗ = α2

N < α−1, γ < α� 1 : Gaussian BEC (strong trap, few
atoms)
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1D Bose gas 2D Bose gas T = 0 T > 0 Tonks

Strong interactions

Strong interactions γ > 1: implies α� 1 and N < N∗ (weak trap,
few atoms) =⇒ Tonks gas

uniform 1D gas: Lieb-Liniger model

H =
N∑

i=1

− ~2

2M
∂2

xi
+ g1

∑
i<j

δ(xi − xj)

exactly solvable: µ =
π2~2n2

2M

(
1− 8

3γ

)
for γ � 1

γ −→∞ limit: Tonks-Girardeau gas of impenetrable bosons

total reflection at each collision (scattering amplitude f = −1)
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1D Bose gas 2D Bose gas T = 0 T > 0 Tonks

3 regimes of interacting 1D Bose gas at T = 0
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Limits: N = α−1 and N = α2

From Petrov, Gangardt, Shlyapnikov, QGLD 2003 Proceedings
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1D Bose gas 2D Bose gas T = 0 T > 0 Tonks

Thermal phase fluctuations in the 1D Bose gas

Now T > 0, weak interacting regime γ � 1

thermal density fluctuations are small; TF profile for

T < Td = N~ωx , with RTF = `x
(

3Nα
2

)1/3

thermal phase
fluctuations

〈δφ2(x)〉 ∝ |x |
`φ

Hellweg et al.,
2003

Measurement of the Spatial Correlation Function of Phase Fluctuating
Bose-Einstein Condensates

D. Hellweg,1,* L. Cacciapuoti,1 M. Kottke,1 T. Schulte,1 K. Sengstock,2 W. Ertmer,1 and J. J. Arlt1
1Institut für Quantenoptik, Universität Hannover, Welfengarten 1, 30167 Hannover, Germany

2Institut für Laserphysik, Universität Hamburg, Luruper Chaussee 149, 22761 Hamburg, Germany
(Received 17 March 2003; published 3 July 2003)

We measure the intensity correlation function of two interfering spatially displaced copies of phase
fluctuating Bose-Einstein condensates. It is shown that this corresponds to a measurement of the phase
correlation properties of the initial condensate. Analogous to the method used in the stellar interfer-
ometer experiment of Hanbury Brown and Twiss, we use spatial intensity correlations to determine the
phase coherence lengths of elongated condensates. We find good agreement with our prediction of the
correlation function and confirm the expected coherence length.

DOI: 10.1103/PhysRevLett.91.010406 PACS numbers: 03.75.Hh, 03.75.Nt, 39.20.+q

Since the first realization of Bose-Einstein condensa-
tion in dilute atomic gases, their coherence properties
have attracted considerable theoretical and experimental
interest. This interest is due to the central role of the
coherence properties for the theoretical description and
conceptional understanding of Bose-Einstein condensates
(BECs) and their use as a source of coherent matter waves
in many promising applications.

Remarkable measurements demonstrated the phase co-
herence of three-dimensional condensates well below the
BEC transition temperature Tc [1–3] and even at finite
temperature [4]. However, low dimensional systems show
a qualitatively different behavior. In particular, it has
been predicted that one-dimensional and even very elon-
gated, three-dimensional BECs exhibit strong spatial and
temporal fluctuations of the phase while fluctuations in
their density distribution are suppressed [5,6]. Thus, the
coherence properties are significantly altered, resulting in
a reduced coherence length which can be much smaller
than the condensate length. In this case, the degenerate
sample is called a quasicondensate. This regime has been
the subject of recent theoretical efforts, including
an extension of the Bogoliubov theory [7], a modified
mean-field theory valid in all dimensions [8,9], and a
calculation of the correlation functions [10]. Phase fluc-
tuations were first observed using the formation of density
modulations during ballistic expansion of a condensate
[11–13]. In addition, their effect on the momentum
distribution has been demonstrated using Bragg spectros-
copy [14,15]. Nonequilibrium properties of these conden-
sates have been studied using a condensate focusing
technique [16].

In this Letter, we report on a direct measurement of the
spatial correlation function of phase fluctuating BECs. To
measure the phase correlation properties, we interfere two
copies of a BEC with a spatial displacement d (Fig. 1). The
measured interference pattern is determined by the phase
pattern of the original condensate and a global phase
difference between the two copies introduced by the

interferometer. By varying the displacement d, the first-
order correlation function can, in principle, be measured.
However, this method is very sensitive to fluctuations in
the global phase difference, and the measurement is fur-
ther complicated by the statistical nature of phase fluctu-
ations. We show that the use of intensity correlations in
the interference pattern overcomes these problems and
provides the desired information about the phase corre-
lations in the initial condensate. The result of this
measurement is described by the spatial second-order
correlation function and yields the phase coherence
length of the BEC. In many respects, our measurement
is closely related to the stellar interferometer of Hanbury
Brown and Twiss [17]. They measured the intensity of
starlight falling onto two detectors and computed the

FIG. 1. (a) The interferometer is realized by two !=2 Bragg
diffraction pulses. We apply the first pulse after a ballistic
expansion time of 2 ms to reduce mean-field effects and atomic
scattering. The spatial displacement d is determined by the
time !t between the pulses. Typical line density profiles are
shown for a phase coherence length of L" ! 25 #m with
d " 7 #m (b) and d " 35 #m (c). Only one of the two output
ports is displayed.
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=⇒ Lorentzian momentum distribution
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[11–13]. In addition, their effect on the momentum
distribution has been demonstrated using Bragg spectros-
copy [14,15]. Nonequilibrium properties of these conden-
sates have been studied using a condensate focusing
technique [16].

In this Letter, we report on a direct measurement of the
spatial correlation function of phase fluctuating BECs. To
measure the phase correlation properties, we interfere two
copies of a BEC with a spatial displacement d (Fig. 1). The
measured interference pattern is determined by the phase
pattern of the original condensate and a global phase
difference between the two copies introduced by the

interferometer. By varying the displacement d, the first-
order correlation function can, in principle, be measured.
However, this method is very sensitive to fluctuations in
the global phase difference, and the measurement is fur-
ther complicated by the statistical nature of phase fluctu-
ations. We show that the use of intensity correlations in
the interference pattern overcomes these problems and
provides the desired information about the phase corre-
lations in the initial condensate. The result of this
measurement is described by the spatial second-order
correlation function and yields the phase coherence
length of the BEC. In many respects, our measurement
is closely related to the stellar interferometer of Hanbury
Brown and Twiss [17]. They measured the intensity of
starlight falling onto two detectors and computed the

FIG. 1. (a) The interferometer is realized by two !=2 Bragg
diffraction pulses. We apply the first pulse after a ballistic
expansion time of 2 ms to reduce mean-field effects and atomic
scattering. The spatial displacement d is determined by the
time !t between the pulses. Typical line density profiles are
shown for a phase coherence length of L" ! 25 #m with
d " 7 #m (b) and d " 35 #m (c). Only one of the two output
ports is displayed.
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thermal phase fluctuations 〈δφ2(x)〉 ∝ |x |
`φ

no true BEC, only a quasi-condensate

coherence length `φ = ~2ns
MkBT ; ns = superfluid density

coherence temperature Tφ ≈ N0
~2

MR2
TF

= N0
~2ω2

x

2µ

Tφ = Td
~ωx

µ
=

Td

(Nα)2/3
� Td

exponential decay of g (1)(x) = exp(− |x |
`φ

)

=⇒ Lorentzian momentum distribution
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Thermal phase fluctuations in the 1D Bose gas

Momentum distribution in a 1D quasi-condensate
Richard et al., 2003

a: Bragg scattering
technique

b: Lorentzian
distribution for px

c/d: comparison
Lorentzian/Gaussian fit
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Summary: diagram of states at finite T

10 100 1000

10

100

1000

10000

Tonks gas

!=10, N*=100

degeneracy limit

classical gas

    quasicondensate
   true condensate
Thomas-Fermi profile

 

N

T/ "

Limits: T = Td , T = Tφ and N = N∗

From Petrov, Gangardt, Shlyapnikov, QGLD 2003 Proceedings
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Tonks-Girardeau gas

What is a Tonks-Girardeau gas?

ground state: fermionization (Girardeau 1960)

ψB(x1, . . . , xN) =
∏
i<j

∣∣∣sin[
π

L
(xi − xj)]

∣∣∣ = |ψF (x1, . . . , xN)|

Plot of ψB(x , x2, x3, x4, x5, x6, x7, x8):

x2 x3 x4 x5 x6 x7 x8

=⇒ strongly correlated system

µTG =
π2~2n2

2M
: Fermi energy EF for kF = πN

L !

independent of γ and thus of ω⊥
By contrast, µTF = g1n ∝ ω⊥ at fixed n.
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Experimental evidence for a Tonks-Girardeau gas

Kinoshita et al., 2004
Basic idea:

transverse
squeezing changes
axial expansion

transverse
squeezing has no
effect on the axial
distribution (or
energy)
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Experimental evidence for a Tonks-Girardeau gas

Kinoshita et al., 2004

trapped gas: local density approximation, valid for µ0 � ~ωx

µ(n(x)) + U(x) = µ0 = N~ωx = EF γ(x) = γ(n(x))

Thomas-Fermi profile n(x) = n0

√
1− x2

R2 with R =
√

2N`x

Method: transverse confinement in an optical lattice
U0 sin2(ky) sin2(kz); fixed density; vary U0; α ∈ [1, 8]

Plot the released longitudinal energy µ� ~ω⊥ as a function
of U0 or γavg = 〈γ(x)〉

Results: released longitudinal energy µ� ~ω⊥ measured by TOF

µTF = g1n ∝ ω⊥ ∝
√

U0

µTG =
π2~2n2

2M

The released energy tends to the Tonks-Girardeau chemical
potential, with all energy being kinetic.
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Are bosons just like fermions?

Bosons in the Tonks-Girardeau regime behave like fermions...

same density distribution

Fermi:
∑
|φn(x)|2

h.o. eigenfunctions

Tonks: TF distribution

n(x) = n0

√
1− x2

R2

= Fermi distribution for
N →∞

same collective excitation spectrum

same local density correlation functions g (2)(0), g (3)(0)...

g (3)(0) ∝ n3

γ6
=⇒ 3-body losses strongly suppressed at large γ

Experiment by Laburthe Tolra et al., 2004: comparison of
3-body decay between a 3D BEC and a series of 1D tubes.

Hélène Perrin Low-dimensional Bose gases | Part 2



1D Bose gas 2D Bose gas T = 0 T > 0 Tonks

Are bosons just like fermions?

Bosons in the Tonks-Girardeau regime behave like fermions...

same density distribution

Fermi:
∑
|φn(x)|2

h.o. eigenfunctions

Tonks: TF distribution

n(x) = n0

√
1− x2

R2

= Fermi distribution for
N →∞

same collective excitation spectrum

same local density correlation functions g (2)(0), g (3)(0)...

g (3)(0) ∝ n3

γ6
=⇒ 3-body losses strongly suppressed at large γ

Experiment by Laburthe Tolra et al., 2004: comparison of
3-body decay between a 3D BEC and a series of 1D tubes.

Hélène Perrin Low-dimensional Bose gases | Part 2



1D Bose gas 2D Bose gas T = 0 T > 0 Tonks

Are bosons just like fermions?

Bosons in the Tonks-Girardeau regime behave like fermions...

same density distribution

Fermi:
∑
|φn(x)|2

h.o. eigenfunctions

Tonks: TF distribution

n(x) = n0

√
1− x2

R2

= Fermi distribution for
N →∞

same collective excitation spectrum

same local density correlation functions g (2)(0), g (3)(0)...

g (3)(0) ∝ n3

γ6
=⇒ 3-body losses strongly suppressed at large γ

Experiment by Laburthe Tolra et al., 2004: comparison of
3-body decay between a 3D BEC and a series of 1D tubes.

Hélène Perrin Low-dimensional Bose gases | Part 2



1D Bose gas 2D Bose gas T = 0 T > 0 Tonks

Are bosons just like fermions?

Laburthe Tolra et al., 2004

g (3)(0) ∝ n3

γ6
=⇒ 3-body losses strongly suppressed at large γ

8104

2

4

6
8105

2

4

6

N

20151050
Time (s)

3D BEC

6
7
8
9105

2

3

4

5

N

121086420
Time (s)

1D tubes

γ ≈ 0.5
K 1D

3

K 3D
3

= 0.14 3-body loss reduction by a factor 7!
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Are bosons just like fermions?

Bosons in the Tonks-Girardeau regime behave like fermions...

same density distribution

same collective excitation spectrum

same local density correlation functions g (2)(0), g (3)(0)...

g (3)(0) ∝ n3

γ6
=⇒ 3-body losses strongly suppressed at large γ

(Laburthe et al., 2004)

...but Bose statistics still present:

phase correlations linked to the statistics lead to a
very different g (1) function

consequence: very different momentum distribution

...but Bose statistics still present:
very different momentum distribution

Fermi:
∑
|φn(p)|2

h.o. eigenfunctions

Tonks:

large p: n(p) ∝ 1

p4

small p: n(p) ∝ 1
√

p

see also: Paredes et al.
(2004)
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2D Bose gas

2D interacting Bose gas
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Reminder: BEC or not BEC?

Reminder for a non interacting gas:

uniform gas: ε = ~2k2

2M k = 2π
L (nx , ny ) n(ε) = 1

exp(β(ε−µ))−1

nλ2 = − ln
(
1− eβµ

)
For each T > 0, µ = kBT ln

(
1− e−nλ2

)
< 0 no BEC

µ = 0 only at T = 0.

trapped gas (harmonic trap): NC =
π2

6

(
kBT

~ω

)2

BEC

local density: like the uniform system, where µ is replaced by
a local chemical potential µ− V (r).

n(r)λ2 = − ln
(
1− eβ(µ−V (r))

)
Below TC , µ = 0.

But: at the centre µ = V (0) = 0 =⇒ n(0) = ∞
What will happen with interactions limiting the density?
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Reminder: interacting 2D gas

interacting 2D gas:

if a > `⊥, g2D =
4π~2

M

1

ln(1/na2
2D)

(strictly 2D)

if a � `⊥, g2D = g2 =
~2

M
g̃2 =

~2

M

√
8πa

`⊥
in this regime, µ = ng2

weak interactions for small g̃2

Typical value in the experiments: g̃2 = 0.13 (ENS) to 0.02 (NIST)
with a � `⊥ =⇒ weak interactions
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The uniform interacting 2D gas

Phase coherence / long range order: g (1)(r) → g (1)(∞) 6= 0?

T = 0 Yes!
- ideal gas: µ = 0, all in ground state ⇒ long range order
- interacting gas: OK if weak interactions, i.e. gas parameter

1
ln(1/na2

2D)
� 1 (Schick 1971)

T > 0 No!
thermal fluctuations (phonons) destroy phase coherence
(Hohenberg, Mermin, Wagner, 1966/1967)
- ideal gas: g (1)(r) ∝ e−r/` exponential decay
- interacting gas: phase fluctuations diverge logarithmically at
infinity 〈δφ̂2〉 ∼ 2

n0λ2 ln(r/ξ) ξ: healing length

=⇒ g (1)(r) ∼
(

ξ
r

) 1
n0λ2

algebraic decay
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infinity 〈δφ̂2〉 ∼ 2

n0λ2 ln(r/ξ) ξ: healing length

=⇒ g (1)(r) ∼
(

ξ
r

) 1
n0λ2

algebraic decay
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Superfluid transition

Above a critical temperature TC ∼ Td/10, g (1) decays
exponentially. Below TC , g (1) decays algebraically. A fraction of
the gas is superfluid, with a jump in superfluid density ns between
0 and nSλ

2 = 4

Summary:

ideal gas

interacting gas

What is the nature of the transition?
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Mechanisms for phase fluctuations

No BEC, but quasi-condensate with fluctuating phase and
negligible density fluctuations.

phonon-type excitations (smooth phase/density variations)

quantized vortices

density hole of radius ξ 2π phase loop

Size of the core: ξ such that µ2D =
~2

2Mξ2
.
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Vortex nucleation

ψ =
√

ne iφ ' √n0e
iφ fluctuates randomly.

Continuity of ψ ⇒ continuity of Re ψ and Im ψ
⇒ lines of Re ψ = 0 and Im ψ = 0, which fluctuate.

When two lines cross, 2 vortices of opposite charge are created.
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Energy of a vortex

Single vortex at the centre of a circular condensate of size R

Model for the condensate density: step function of range ξ

velocity field: v = ~
M∇φ

Circulation of the velocity:
∮

v · dr = q 2π ~
M , q ∈ Z

Velocity field for a vortex of charge q: v = q
~

Mr
uφ
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Energy of a vortex

Kinetic energy: EK =
∫

1
2Mv2(r)n(r)dr

EK =
1

2
Mn0

∫ R

ξ
2πr dr q2 ~2

M2r2
= q2 ~2n0π

M
ln

R

ξ

EK = q2n0λ
2 kBT

2
ln

R

ξ

Two vortices of charge q1 and q2:

E = EK+EI = n0λ
2

[
(q1 + q2)

2 ln

(
R

ξ

)
−2q1q2 ln

(
r12

ξ

)]
kBT

2

Interactions: repulsion between vortices of same charge,
attraction between vortices of opposite charge.

Several vortices of charge ±1 more stable than multiply
charged vortex.
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The BKT transition

Berezinskii-Kosterlitz-Thouless transition by simple energetic
arguments:

Free energy F = E − TS :
F > 0, low probability of vortex formation;
F < 0 gain in entropy, a vortex is likely to appear.

Entropy S = kB ln(W ) W : nb of available states

W =
πR2

πξ2
=⇒ S = 2kB ln

R

ξ

or TS = 4
kBT

2
ln

R

ξ

W =
πR2

πξ2
=⇒ S = 2kB ln

R

ξ
or TS = 4

kBT

2
ln

R

ξ

F =
kBT

2

(
q2n0λ

2 − 4
)
ln

R

ξ
; easiest case q = ±1:

F =
kBT

2

(
n0λ

2 − 4
)
ln

R

ξ
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The BKT transition

Free energy F =
kBT

2

(
n0λ

2 − 4
)
ln

R

ξ

n0λ
2 > 4 (low T ): no free vortices

n0λ
2 < 4 (high T ): proliferation of free

vortices; no superfluidity ⇒ n0 = 0

Hadzibabic et al. (2006)
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Critical temperature

At TC , n0 jumps from 0 to n0λ
2 = 4. What is ntot?

Prokof’ev et al. (2001):

at TC : ntot = ln
C

g̃2
, C = 380

g̃2 =
√

8π
a

`⊥
= ...? a = 2− 5 nm `⊥ = 40− 100 nm

Paris experiment: g̃2 = 0.13 ntotλ
2 = 8 at TC

NIST experiment: g̃2 = 0.02 ntotλ
2 = 10 at TC
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Finite size effects

What does change in a trap? Condensate fraction in the superfluid
phase?

Recall: g (1)(r) ∼
(

ξ
r

) 1
n0λ2 −→

r →∞
0 no long range order.

finite system L, n0λ
2 > 4, g (1) &

(
ξ
L

) 1
4

ξ ∼ 0.1µm, L ∼ 100µm ⇒ g (1)(L) ∼ 0.2 not so small!

Large condensate fraction f0

Large contrast in interference experiments

Achtung! f0 6=
n0

n{
f0 : occupation of the most populated single particle level
n0 : superfluid density
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Experimental evidence for BKT in a 2D gas

ENS experiment: measure g (1) decay by interferometry

measurement of the integrated contrast:

1

L

∫ L

−L
|g (1)(x)|2 dx ∝ 1

L2α

exponential decay: α = 1
2 / algebraic decay: α = 1

4

statistics on phase defects (free vortices)
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Experimental evidence for BKT in a 2D gas

Results: Hadzibabic et al., 2006

F
ra
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rt
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es

contrast c0

contrast c0 is a measure of temperature

BKT transition evidenced by a step in exponent α and
apparition of vortices
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2D physics in ultracold gases

Experimental results:

BKT identified via 1-body correlation

Density profile: 2 phases identified (3 phases at NIST)
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Density profiles at NIST

Cladé et al., 2008

Evidence for 3 phases (superfluid, QC and thermal)
6= ENS experiment (2 components only)
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2D physics in ultracold gases

Experimental results:

BKT identified via 1-body correlation

Density profile: 2 phases identified (3 phases at NIST)

BKT-like transition observed on a 2D lattice of BECs at JILA
simulating an array of Josephson junctions

2D lattice of period 5µm
temperature T
tunnel coupling J
thermal phase fluctuations
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2D physics in ultracold gases

Experimental results:

BKT-like transition observed on a 2D lattice of BECs at JILA
simulating an array of Josephson junctions

∆φ ≈
√

T/J
proliferation of
vortices for J < T

4.7!m

J

VOL

.
.
.
.
.
.

..

.
.
.

.

. . ..
.
.

.

.
.

.

...
..

.
.
.
.
.
.

..

.
.
.

.

. . ..
.
.

.

.
.

..

... ..

Tb)

!"

Nwell

slowly remove the lattice to reconnect the phase before imaging
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2D physics in ultracold gases

Experimental results:

BKT-like transition observed on a 2D lattice of BECs at JILA
simulating an array of Josephson junctions

density of vortices D:
results at two temperatures
(35 nK and 60 nK) collapse on
a single curve D

(
J
T

)
Schweikhard et al., 2007
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2D physics in ultracold gases

Experimental results:

BKT identified via 1-body correlation

Density profile: 2 phases identified (3 phases at NIST)

BKT-like transition observed on a 2D lattice of BECs at JILA
(simulating an array of Josephson junctions)

incomplete to do list:

clarify the nature of the phases

observe the vortex binding/unbinding

frequency shift predicted for the 2ω Pitaevskii mode

confinement induced scattering resonance

FQHE in a rotating 2D gas

...
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