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The multi-level atom

The dipolar interaction between atom and light field, in the rotating wave approxima-
tion, is given by
Var = —dt-Ej(r)e ™" —d™ - E (r)et™wrt (1)

with

d* =P.dP, and d = P,dPF. (2)
and P, and P, are the projection operators on the subspaces of the ground state and the
excited state, respectively :
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P, = Z |Jgm)(Jym| and P, = Z | Jepe) {(Jep| (3)
m=—Jg pu=—Je

The fields EZ and E; are defined by :
E, =Eje il 4 Efetort (4)
The polarisation vector €(r) at position r is linked to the field through :

B (r) = g e(mE(r) and  Ep(r) = 5 € (E() (5)

where we chose £(r) real. The complex polarisation is normalised as follows :
€ (r)-e(r) =1 (6)

The polarisation can be decomposed on the normal basis :
1
€11 = €1 = F—=(e; T ie and € =e 7
11 =€x =F \/§( x T iey) 0=-e; (7)

corresponding respectively to the polarisations o= and 7. In order to evaluate the matrix
elements of the operator V4, we should first calculate the matrix elements of the operators
€, -d" and €; -d”. Apply the Wigner-Eckart theorem to the vectorial operator d gives :

(Jepleq-d™|Jgm) = D(Je p|lJg L m q) and (Jgmleg-d™|Jep) = D{Je plJg 1 m q) (8)

where (Jep|Jg1lmg) is a Clebsh-Gordan coefficient and D is the reduced matrix element,
which can always be chosen real and is independent of the magnetic quantum numbers
p,m and q. Recall that (Jepu|Jg1lmg) is non zero if and only if u = m + g. We then define
the operators d* and d~ = (d*)f through :

d*=Ddt and d” =Dd" (9)



such that the matrix elements of eq-a+ and e;-a_ are simply the Clebsh-Gordan coefficients
associates to the corresponding transitions. We define the Rabi frequency at point r by :

Qi (r) = —DE(r) (10)

which corresponds to a transition with a Clebsh-Gordan coeflicient equal to 1, excited by
a laser field of amplitude £(r). Finally, the atom-laser coupling reads :

Ay /4 . N .
Var = Tl (d+ -e(r)e ™t 4 d™ - e*(r)eJth) (11)

similar, but not identical, to the two-level case.

In practical cases, the laser polarisation € has to be decomposed in the standard basis
(€4, €p) in order to calculate easily the matrix elements of V4, from the Clebsh-Gordan
coefficients of the transition.



